18 Math/H/HN UG/2nd Sem/MTMH/CC-T-03/19

.. 2nd Semester Examination - 2019

MATHEMATICS
[HONOURS]
Course Code : MTMH/CC-T-03

Full Marks : 60 ~ Time : 2 Hours
The figures in the right-hand margin indicate marks.

The symbols and notations have their usual meanings.

Answer any ten questions: - 2x10=20

‘)yr/l [f A and B are bounded subsets of R, then prove

hat AN B and A U B are also bounded.

l Provc that the set {+1, j4, 19, 16, .} 1S

ntable. .
/::L completeness axiom offR Let S be a non-

empty, bounded above subset of [R. Show that

the set T = |—x: x €S} 1s bounded below.

jj/ Give an example of an open set which is not an
interval. |

¢)  Constructaset S C IR such that S'= [N, where S’
15 the derived set of S.
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f)  Give an example of an open cover of the se

[0. =) which does not have a finite sub-cover

g) 7State Archimedean property of real numbers an

« hence show that ; —0 as n—oo.

, X,
h)  Given that y -0 as n—ee. If lim v is finite,

X —00
n

then show that x. -0 as n-—ee. Show by an

example that the converse 1s not true.

n 2

| J ] nw |
i)  Show that the sequence [ 1——|C0s—" is not

convergent but has a convergent subsequence.

1) L —-l+]+l :
j X, = *3*5*t+5—7,VnelN. Prove or

disprove {x } is a cauchy sequence.

K) /A sequence {x_} is defined as follows:
< .
XI —-X3SXEE'"SX6§X4SX').

If (x, —x, '
(X3=X5, 1) = 0 as N—co, show that {x } is
convergent, n
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)  Give examples of:

1) a convergent series Zan of positive

n=I

:;?1”+1__h1

terms such that m ;
n—yoo a

N

ii) a divergent series an of positive terms

n=)J

| . bﬂ+] =1
such that lim b

)
= 'n

m) If Zun is a convergent series of positive terms,

n=l

o0 un |
show that 2 iag B convergent.
n= n

n) It Z U, be absolutely convergent and {v_} be a
n=| .

bounded sequence, then show that the series

Zun\’n 1s absolutely convergent.

n=| -

| 1 1 1
og 1 -+ Foes ]
o) Prove that the series 5L B Ja 1S

conditionally convergent.
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a) 1)
11)
b) i)
ii)
c) i)

Answer any four questions: 5 x4=2)

[.et S be a non-empty bounded subget of
R with sup S = M and inf S = m. Prgy.
that the set T = {|x—y|: x,y €S} is bounde
above and sup T = M-m.

Give an example of an infinite set S ¢ |R

such that S has only one limit point.

(1+3)+1

[et A be a non-empty subset of IR and
d(x, A)= inf {jx—y| : y €A}. Prove that
d(x, A) =0 if and only if x €A.

Give an example of a family {I : n €N}

of non-empty closed intervals such that

[5LoLowand [ 1L =0, 4+
n=| _

If {x,} be a sequence such that

. x +1
an; X =1 where | /|<1, then show that
llm Xn — 0

n

i) Show that lim Z—=0 'if| x| < 1.

| 8/Math/H/11]
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d) Prove thatthe sequence {x_} defined by X, =7

W
and X, =J7+x, ,vn > | converges to the

]“rnﬁiil\'t‘ oot {lr th an;l[i(‘fn xﬁ X ¥4 U. 5

¢) I Xx_ be a convergent series of positive real

numbers and {X,} 1S a monotonic decreasing

resonance. then show that lim nx_=0. 5

D=y=c

f) 1)  Ifthe series Xx, is convergent, then show

that hm |y |=0.

X —yoo

1)  If a >0, B > 0, test the convergence of

the series

1+gir_1 X (o+1)(200+1) X (o +1)(200+1) (30 +1) |

B+1 (B+1)(2B+1) (B+1)(28+1)(3p+1)

i+3
3. Answer any two questions: 10x2=20

a) 1) Show that the intersection of a finite
number of open sets in [R is an open set.
Give an example to show that the
intersection of an infinite number of open

sets in [R 1s not necessarily an open set.
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” } ' Cl }\ b(‘ el ( {“npﬂ(' _q“h(;,(‘t (}rm E]ﬂd F i K
be a closed subset in [R. Prove that F is
compact in IR, (4+2)+4

b) 1) Ifasequence {x } is monotone increasing

and bounded above, then show that it is
convergent and converges to its least

upper bound.

11)  Prove that in R, every cauchy sequence is
convergent. Is it true in the set of rational

number Q? Justify your answer.

},)/vae that lim (Vo +1-vh)=0.

3+(4+1)+2

¢c) 1) Let ¥x_be a series of positive real

| , i
numbers and lim x " =/ Then show that

n—oo
2X, 1s convergent if / < 1 and 2% 18

divergent of / > 1.

11) Examine the convergence of the series

X + 3 ‘3 3 + 0
—epremsis KDl
2 3
111)  Prove that an absolutely convergent series

1S éonvergent. 1 3+2

1 8/Math/H/11| (6)
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d)

i)

i)

Sho ., .
W that the unit interval [0, 1] is

uncountable.

If 0 <a<b <1, then show that the infinite
series 1 + a + ab + a’p + a?b*+ ... is

convergent. R S5+3+2
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