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Introduction:

Linear differential equation occur so frequently in applications as to call for a
somewhat detailed treatment which we propose to do.

The general from of a linear equation of n-th order is

dny dn—ly dy

dxn + P1 W 5000 o +Pn—1 a + Pny = Q
Where P4,P,,......... P..1, P, and Q are constants or functions of x. In the present
chapter, however we shall assume that the coefficient Py,P,,......... P.1, P, are

constants. We shall consider simpler equations where Q is supposed to be 0.

Equations of First Order

The Simple Case

In let us take n=1 and Q=0 we then obtain
dy
— tP1y=0

Separating the variables we easily get y=Ae P1*' where A is an arbitrary constant.

Equation with right-hand member zero

Let the equation be

@ d
ﬁ + py % +0Y =0 i (D)

Let us take y=ce™ (#) be the non-trial solution.



Then if we put y=ce™ in the left side of (1), it must satisfy the equation, i.e. ,we
must have

C(m?+py+p,)e™ =0
Or, since ce™ 20, M*+P1+P2Z0 eveveveereeereeeenn. (2)
The equation (2) is called the Auxiliary equation (1)
Then , y=ce™1x and y = ce™2x are obvious solution of (2).

Also, it can be easily verified by direction substitution that y=c,e™1*, y=c,e™! and
satisfy the equation (1) and such are solution of (1).

We shall now consider the nature the nature the general solution of (1)
according as the roots of the auxiliary equation (2) are real distinct real and equal
and imaginary.

Method of Variation of Parameters

We have already introduced the method of Variation Parameters in solving
linear equation of first order and first degree. Let us extend this case to a second
order linear differential equation of higher order.

To discuss the solution of an n™ order linear differential equation of the from

dny dn—ly dy
Tan + P Zen—1 + . +Py 4 dx + B, = R(x)
by the method of variation of parameters .
let, yi(x), ya(X), coeeeeeeeeeennn. , Yn(X) be aset of nlinearly independent

solution to the associated homogeneous differential equation —that is the
equation (1) itself with R.H.S. R(x) =0. The C.F.is



where c;,C; C3 Cc, are arbitrary constants . Here p1(x), pa2(X),....... ,Pn(X)

.....................

need not constant only

A particular solution y, to (1) is
Yp = Vlyl +V2y2 T +Vnyn
Where viVy,...coovueeenee. ,Vn, are unknown function to be determine.

As before these can be found by solving

/ / l\, —
ViVt Yot +V, yn=0
Vl/ y/ 1+v2/ y/ 2 F +vn/ y/ n=
/.. n-2 /., n-2_
ViIyr VYo i, +,'y, =0
/.. n-1 /., n-1_
Viyr +Vo'Yo T, +Vv,y, =0
Since from these equation we obtain vl/,v/z, ................. ,vn/and by integration we

have the values vy vy, ............... V.

Thus the general solution is given by

Y=C1\y1+C2y2+ ................. +Cnyn+yp

Example: Solve by the method of variation of parameter:
(D*+a”) y = tanax

Solution: To find C.F.



Auxiliary equation is (m”+a®)=0 which gives m=tia,
The C.F. is Cicosax+C,sinax
To find P.I.

call y;= cosax, y,=sinax and it has observed that y; ,y,, are independent
solutions. Also the particular solution will be of the form

Yp=Vi(x)cosax+v,(x)sinax
Dyp=-avi(x)sinax+av,(x)cosax+v,’(x)cosax+vy’(x)sinax
Next proceed as before where v;’(x), v>’(x) can be found from
V4’ (x)cosax+v,’(x)sinax=0
(D2+a2)yp=-av1’(x)sinax+av2’(x)cosax
tanax=-av;’(x)sinax+av,’(x)cosax

The Wronskians of y; and y, is

=a+0

cosax sinax
W(y1,Y2)= |

—asinax acosax

V1(x)=f(—sinaxtanax/a)dx=-(1/a2)log|secax +
tanax|+(1/a’)sinax

V,(x)= f(cosaxtanax/a)dx=-(1/a2)cosax
Yp=(-1/a2)cosaxlog|secax + tanax|

Complete solution is y= Clcosax+Czsinax—(l/az)cosaxloglsecax + tanax|



References

1 : M.D.Raisihania: Ordinary and Partial Differential Equations

2 : R.K.Ghosh and K.C. Maity: An Introduction to Differential Equations
3 : Chakraborty and Ghosh : Differential Equations.

4 : Murray : Differential Equations.

5 : Piaggio : Differential Equations.






